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Tilings with Congruent Edge Coronae
Mark D. Tomenes and Ma. Louise Antonette N. De Las Peñas
Abstract. In this paper, we discuss properties of a normal tiling of the
Euclidean plane (E2) with congruent edge coronae. We prove that the congru-
ence of the first edge coronae is enough to say that the tiling is isotoxal.
1. Introduction
The work of D. Schattschneider and N. Dolbilin [1] establishes local conditions
for a monohedral tiling of d-dimensional space to be isohedral. In particular, they
have shown in [4] that for polygonal tilings of the Euclidean plane (E2), pairwise
congruence of centered first coronae of the tiles implies the tiling is isohedral. In
this paper, we consider an extension of these studies and prove that the congruence
of centered first edge coronae in a normal tiling implies the tiling is isotoxal.
2. Preliminaries
A tiling T of E2 is a countable collection of closed topological disks called tiles
T = {Ti : i ∈ N} that is a covering (
⋃
i Ti = E2) as well as a packing (Int(Ti) ∩
Int(Tj) = ∅ if i 6= j, Int(T ) denotes the interior of tile T ). The intersection of any
two distinct tiles can be a set of isolated arcs and points. The points are called
vertices of T and the arcs are called edges of T .
A vertex with w number of edges incident to it is said to have valence w. A
prototile set for T is a minimal subset of tiles of T such that each tile of T is a
congruent copy of one of those in the prototile set. The tiles in this set are called
the prototiles of T .
The symmetry group S(T ) of a tiling T is the group of isometries of E2 that
leave T invariant; elements of S(T ) are called symmetries of T . T is called isotoxal
or edge-transitive if its symmetry group acts transitively on the set of all edges of
T .
The edge corona C(E) of an edge E of T is the set of all tiles of T that have
nonempty intersection with E. It is possible for two edges E1, E2 to have the same
edge corona, that is, C(E) = C(E′) but E 6= E′. To avoid ambiguity, we make
the convention that by an edge corona of an edge E of T we mean a “centered
edge corona” which refers to the pair consisting of the edge corona C(E) and its
fixed center E, that is, C(E) := (E,C(E)). Two edge coronae C(E) and C(E′)
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are congruent if there is an isometry σ of E2 such that σ(C(E)) = C(E′) and
σ(E) = E′. T is called a tiling with congruent edge coronae if every pair of edge
coronae of T are congruent. T is necessarily monotoxal, that is T has congruent
edges.
The kth edge figure of an edge E is denoted by Fk(E) and is defined as follows:
F0(E) := {E} and Fk(E), k ≥ 1, is the set of all edges with non-empty intersection
with an edge in Fk−1(E). We write F1(E) as F (E) which we refer to as the edge
figure of E. By a kth edge figure Fk(E) we mean a “centered k
th edge figure” which
is a pair (E,Fk(E)) consisting of the edge figure Fk(E) and its fixed center E, that
is, Fk(E) := (E,Fk(E)). Two k
th edge figures Fk(E) and Fk(E
′) are congruent
if there exists an isometry σ of E2 such that σ(Fk(E)) = Fk(E′) and σ(E) = E′.
Note that if E and E′ are edges of a tiling such that C(E) is congruent to C(E′),
then F (E) is congruent to F (E′).
The symmetry group Sk(E) of a k
th edge figure Fk(E) of E is defined as
Sk(E) = {σ ∈ S0(E)|σ(Fk(E)) = Fk(E)} where S0(E) is the symmetry group
of the edge E, the group of isometries of E2 that leave E invariant.
The group Sk(E) is a subgroup (not necessarily proper) of Sk−1(E) for all k ≥ 1
because if σ leaves E invariant and sends Fk(E) onto itself, then σ must send every
finite path of edges in Fk(E) that begins with E to another path of edges in Fk(E)
that has the same length and begins with E. Thus, σ must leave Fi(E) invariant
for 1 ≤ i ≤ k. If E is an edge of a tiling, then the group S0(E) is finite, so the chain
S0(E) ≥ S1(E) ≥ · · · ≥ Sk(E) ≥ · · · can contain only a finite number of distinct
subgroups. It is easy to see that |S0(E)| must be a divisor of 4, and thus must be
4, 2 or 1.
In this study, we will assume that all tilings under consideration are normal
tilings of E2 with congruent edge coronae. We define a normal tiling as a tiling
whose tiles are uniformly bounded in diameter and have inradii uniformly bounded
away from zero and for which the intersection of any two tiles is either empty, or
an edge, or a vertex of each [2]. We thus exclude tilings with digons or tilings with
vertices of valence two.
A normal tiling T is locally finite (see 3.2.1 of [3]). By locally finite we mean
for every x ∈ E2, there exists a circular disk centered at x which intersects only
finitely many tiles of T . Then T satisfies the finite path property, that is, for
every pair of edges E and E′ of T , we can always find a path of edges of T ,
E = E0, E1, E2, · · · , En = E′ that begins with E and ends with E′.
3. Properties of a normal tiling with congruent edge coronae
Lemma 3.1. If a normal tiling has congruent edge coronae then it has at most two
prototiles. If the tiling has exactly two prototiles then each of its vertices has even
valence.
Proof. Consider tiles T1, T2 of a normal tiling T with congruent edge coronae.
Suppose T1, T2 share an edge E. If T is any tile of T and E′ any edge of T , then
any isometry taking E′ to E must map T to T1 or T2. Hence there are at most two
prototiles.
Suppose T has exactly two prototiles T1 and T2. Then congruent copies of T1
and T2 must meet at every edge of the tiling since the tiling has congruent edge
coronae. Thus, congruent copies of T1 and T2 must alternate in a vertex. Hence,
the valence of every vertex is even. 
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Remark 3.2. From the above result, a normal tiling T with congruent edge coronae
is a tiling consisting of m-gons or n-gons (where m,n > 2). In the case when T
has two prototiles, an edge is shared by an m-gon and an n-gon. Moreover, the
vertices in an edge are of valence p or q (p, q > 2). We write T as 〈m,n; p, q〉, its
configuration. It is possible that p = q, but if p 6= q then the vertices with valence p
and q must alternate around a tile since every edge must have endpoints of valence
p and q. This means that the tiles of T must have an even number of edges.
Before we proceed with the proof of the next theorem we first define the fol-
lowing. A patch A(r, P ) of T generated by a disc D(r, P ) with radius r centered at
P is derived from the union of all tiles of T which meet D(r, P ) by adjoining just
enough tiles to fill up the “holes” of this union and turn it into a topological disc.
By circumparameter U of a tiling T we mean every tile of T is contained in some
circular disk of radius U .
Theorem 3.3. If a normal tiling has congruent edge coronae, then it has one
of the following configurations: 〈62; 32〉, 〈3, 6; 42〉, 〈32; 62〉, 〈42; 42〉 or 〈42; 3, 6〉.
Proof. Let T be a normal tiling with congruent edge coronae having config-
uration 〈m,n; p, q〉. Every edge of T has endpoints of valences p and q, (p, q > 2)
and is shared by an m-gon and an n-gon.
Consider a patch A(r, P ) of T . Let e(r, P ) and vp(r, P ) be the number of edges
and vertices of valence p in A(r, P ), respectively. The product pvp(r, P ) is the
number of edges with an endpoint of valence p in A(r, P ).
Suppose p 6= q. Take pvp(r, P ) − e(r, P ) (e.g. red edges in Figure 1). Since
pvp(r, P ) may possibly include an edge not in A(r, P ), we have pvp(r, P )−e(r, P ) ≥
0. Let E(r, P ) be the number of edges of T with one endpoint (of valence p or q)
in A(r, P ) (e.g. red and blue edges). We have
(3.1) 0 ≤ pvp(r, P )− e(r, P ) ≤ E(r, P ).
Figure 1. An example of a patch A(r, P ) generated by D(r, P )
(pink tiles) and a patch A(r + 2U,P ) generated by D(r + 2U,P )
(pink and blue tiles).
Now an edge counted in E(r, P ) belongs to a tile in A(r + 2U,P ), U is the
circumparameter of T . Then,
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(3.2) 0 ≤ E(r, P ) ≤ k(t(r + 2U,P )− t(r, P ))
where k = max(m,n) and t(r, P ) is the number of tiles in A(r, P ).
Since T is a normal plane tiling, by the Normality Lemma [3], we have
lim
r→∞
t(r + 2U,P )− t(r, P )
t(r, P )
= 0.






Moreover, from (3.1) and also the squeeze theorem we have
lim
r→∞
pvp(r, P )− e(r, P )
t(r, P )
= 0.









also exists. Hence, pvp(T ) = e(T ). By a similar argument, we also




and vq(r, P ) is the number of
vertices of valence q in A(r, P ). Moreover, if we consider tm(r, P ) and tn(r, P ), the
number of m-gonal and n-gonal tiles in A(r, P ); it can be shown that if m 6= n,









. Note that tm(T ) and tn(T ) exists since e(T ) exists.





. Then we have
v(r, P ) = vp(r, P ) + vq(r, P ).
This implies
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Now suppose p = q, then corresponding to (3.1), we have
(3.5) 0 ≤ pvp(r, P )− 2e(r, P ) ≤ E(r, P ).
This is because in this case, every edge has endpoints of valence p and hence
every edge is counted twice in pvp(r, P ). This will imply that pvp(T ) = 2e(T ).
Moreover, if m = n, it can be shown that mtm(T ) = 2e(T ). Then corresponding
to (3.3) and (3.4), we have








Euler’s Theorem for tilings [3] states that e(T )−v(T ) = 1. Suppose p = q, then
substituting (3.6) to the Euler’s Formula, we have e(T ) − 2e(T )
p







= 1 by (3.7). Solving this, we obtain the configurations 〈62; 32〉,








= 1 by (3.4).
By Lemma 3.1, p is even. Then solving the equation results to the configuration
〈3, 6; 42〉.















= 1 by (3.7). Solving this, we obtain the configuration 〈42; 3, 6〉. On











= 1 by (3.4) which yields no
integral solutions such that m,n, p, q are even.
Thus, we obtain the following five configurations: 〈62; 32〉, 〈3, 6; 42〉, 〈32; 62〉,
〈42; 42〉 or 〈42; 3, 6〉.

4. The main result
Essential to the proof of the isotoxality of a normal tiling with congruent edge
coronae is Theorem 4.2 which is an analogous result to the “if direction” of The
Local Theorem for Tilings [1]. We reformulate the conditions so they apply to edges
of the tiling, rather than to faces or tiles. We proceed by first proving Lemma 4.1
which will be used in the proof of Theorem 4.2.
Lemma 4.1. Let T be a tiling of E2 such that for some integer k > 0, T satisfies
the following two conditions:
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(i) All kth edge figures in T are pairwise congruent; and
(ii) Sk−1(E) = Sk(E), for any edge E of T .
If E and E′ are edges of T and σ is an isometry of E2 that satisfies σ(E) = E′ and
σ(Fk−1(E)) = Fk−1(E
′), then σ must also satisfy σ(Fk(E)) = Fk(E
′).
Proof. Let E and E′ be edges of T . Suppose σ(E) = E′ and σ(Fk−1(E)) =
Fk−1(E
′), where σ is an isometry of E2. By condition (i), there is an isometry σ′
of E2 such that σ′(Fk(E)) = Fk(E′) and σ′(E) = E′. Thus σ′(E) = σ(E) which
implies that σ−1σ′(E) = E.
Now, σ′(Fk(E)) = Fk(E
′) implies σ′(Fk−1(E)) = Fk−1(E
′). Moreover,
σ(Fk−1(E)) = Fk−1(E
′). Thus, σ−1σ′(Fk−1(E)) = Fk−1(E). Observe that the
equations σ−1σ′(E) = E and σ−1σ′(Fk−1(E)) = Fk−1(E) imply that σ
−1σ′ ∈
Sk−1(E). Let ρ = σ
−1σ′. Then by condition (ii), σ−1σ′ = ρ ∈ Sk(E). Since σ =




Theorem 4.2. A locally finite tiling T with symmetry group G is isotoxal if
there is an integer k > 0 such that
(i) all kth edge figures in T are pairwise congruent; and
(ii) Sk−1(E) = Sk(E), for an edge E of T .
Proof. Let E,E′ be edges of T . We must show that there is a symmetry
of T that maps E to E′. By assumption, there is an isometry σ of E2 such that
σ(E) = E′ and σ(Fk(E)) = Fk(E
′). We will show that σ ∈ G, that is, σ maps the
edges of T to other edges of T .
Let E be any edge of T and assume E′ = σ(E). We show that E′ is an edge of
T . Since T is locally finite, it satisfies the finite path property. Thus, there is a path
of edges of T , E = E0, E1, E2, . . . , Em = E such that Ei−1 ∩ Ei 6= ∅, 1 ≤ i ≤ m,
that begins with E and ends in E. We will show that for each Ei in this path,
i = 1, . . .m, σ(Ei) = E
′
i is an edge of T .
Now, E1 ∈ F (E) ⊆ Fk(E) so σ(E1) = E′1 ∈ σ(Fk(E)) = Fk(E′). Hence
E′1 is an edge of T . Every edge of Fk−1(E1) is also an edge of Fk(E) since E1
and E are adjacent edges of T . Since σ(Fk(E)) = Fk(E′), σ sends an edge of
Fk−1(E1) to an edge of Fk(E
′). Now every edge of Fk−1(E
′
1) is also an edge of
Fk(E
′) since σ(E) = E′, σ(E1) = E
′
1, and E1 and E are adjacent. This implies
σ(Fk−1(E1)) = Fk−1(E
′
1). By Lemma 4.1, we have σ(Fk(E1)) = Fk(E
′
1).
Since E2 ∈ Fk(E1), σ(E2) = E′2 ∈ σ(Fk(E1)) = Fk(E′1), so E′2 is an edge in
T . Continuing in this manner, we see that σ(Ei) = E′i ∈ σ(Fk(Ei−1)) = Fk(E′i−1);
hence, E′i is an edge of T . Thus, σ(E) = E
′
is an edge of T . 
We now prove our main result as follows.
Theorem 4.3. If a normal tiling has congruent edge coronae, then it is isotoxal.
Proof. Consider a normal tiling T with congruent edge coronae. Suppose we
take an edge E such that S0(E) ∼= (isomorphic) C1, D1, C2 or D2 (Figure 2) where
Ci is the cyclic group of order i and Di is the dihedral group of order 2i (i = 1, 2).
Note that T is monotoxal so that the edges of T have isomorphic symmetry group.
If S0(E) ∼= C1, then S1(E) = S0(E) ∼= C1 since S1(E) ≤ S0(E). Since T has
congruent edge coronae, then it has congruent edge figures so both conditions of
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Figure 2. Edges with their corresponding symmetry groups.
Theorem 4.2 are true for k = 1 and T is isotoxal. For the remainder of the proof,
we consider S0(E) ∼= D1, C2 or D2.
We divide the proof assuming one of the five configurations in Theorem 3.3.
We always assume an edge E of T with adjacent angles θ1θ2 and ρ1ρ2 that meet
in (vertices) endpoints of E. If E′ is another edge of T , then C(E) is congruent to
C(E′), so the pair of adjacent angles that meet in endpoints of E′ will also be θ1θ2
and ρ1ρ2; this will also be true for another edge E
′′ of T , and so on. That is, every
pair of edges of T has the same two pairs of adjacent angles. This assumption will
be employed in completing an edge figure of a given edge.
The computer program Geometers Sketchpad was an important tool in the
case-by-case analysis as it helped with an accurate construction of the edge figure:
taking into consideration the type of edge and its orientation, and the adjacent
angles that may occur; or even show that the construction of an edge figure is
impossible.
Case 1. T has configuration 〈62; 32〉.
(a) Consider an edge E = PQ of T such that S0(E) ∼= D1 with adjacent angles
θ1θ2 and ρ1ρ2 (Figure 3a). Let E
′ = PR be another edge. Since C(E′) is congruent
to C(E), E′ has adjacent angles θ1θ2 and ρ1ρ2 (Figure 3b). Vertex P has valence
three so that θ1, θ2 satisfy θ1 + 2θ2 = 2π. In this case, the only possibility is
θ1 = θ2 (Figure 3c). Now, C(E
′′) is congruent to C(E) where E′′ = QS (Figure
3d). Following the same argument, we have ρ1 = ρ2. Since C(E
′) is congruent to
C(E) and C(E′′) is congruent to C(E), we have θ1 = ρ1. We get the edge figure
in Figure 3e. There is only one type of edge figure obtained. Given that congruent
angles meet at a vertex, there is only one way to orient the edges around a vertex.
We have S0(E) = S1(E) ∼= D1 so that T is isotoxal.
(b)-(c) For the cases where we have S0(E) ∼= C2 or S0(E) ∼= D2 we follow
the arguments given in 1(a) and we obtain the edge figures in Figures 4a and 4b,
respectively. In the case of Figure 4a, we have S0(E) = S1(E) ∼= C2 and in the case
of Figure 4b, we have S0(E) = S1(E) ∼= D2. Thus, in either case T is isotoxal.
Case 2. T has configuration 〈3, 6; 42〉.
(a) Suppose T has an edge E = PQ such that S0(E) ∼= D1 with adjacent angles
θ1θ2 and ρ1ρ2 . Let E
′ = PR be another edge with adjacent angles θ1θ2 and ρ1ρ2
(Figure 5a). With this construction, θ1 and θ2 must alternate around P . Now,
consider the edge E′′ where E′′ = QR (Figure 5b); PQR is a 3-gon. Since C(E′)
is congruent to C(E) and C(E′′) is congruent to C(E), then it is not possible for
E′ and E′′ to have adjacent angles ρ1ρ2 unless ρ1 = θ1 and ρ2 = θ2. We obtain
the edge figure in Figure 5c. If we consider another orientation for edge E′ and
a different angle measure for θ1; (this case E
′ an edge of a 6-gon) we obtain the
edge figure in Figure 5d. Both edge figures satisfy S0(E) = S1(E) ∼= D1 and T is
isotoxal.
(b) We now consider an edge E of T such that S0(E) ∼= C2. Following the
same arguments in 2(a) used to obtain Figures 5c and 5d, we get the edge figures
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Figure 3. Construction of edge figure when T has configuration
〈62; 32〉 and S0(E) ∼= D1.
Figure 4. Edge figures when T has configuration 〈62; 32〉 and (a)
S0(E) ∼= C2; (b) S0(E) ∼= D2.
in Figures 6a and 6b, respectively. Unlike in 2(a) where only two edge figures can
be constructed, two additional possibilities here are when there are three distinct
angles meeting in a vertex (e.g. letting ρ1 = θ1, ρ2 = θ3; or ρ1 = θ3, ρ2 = θ2). We
obtain the edge figures shown in Figures 6c and 6d.
Observe that in either of the edge figures, S1(E) ∼= C1 so that S0(E) 6= S1(E).
However, S1(E) = S2(E) ∼= C1 since S1(E) ≥ S2(E). It is now left to show that
the second edge figures are congruent. We are going to build the second edge figure
for the edge figure in Figure 6a. A similar approach can be used to show that
the corresponding second edge figures for the cases in Figures 6b, 6c and 6d are
congruent. With this, we see that T is isotoxal.
From F (E) shown in Figure 7a, we see that the isometry that sends E to E′ is
the 3-fold rotation with center at the black triangle. This rotation must carry the
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Figure 5. Construction of the edge figures when T has configu-
ration 〈3, 6; 42〉 and S0(E) ∼= D1.
Figure 6. Edge figures when T has configuration 〈3, 6; 42〉 and
S0(E) ∼= C2.
other edges of F (E) to edges of F (E′) and maintain the pairs of adjacent angles
(Figure 7b). On the other hand, the isometry that sends E to E1 is the 2-fold
rotation centered on the black circle (Figure 7c) and this carries the edges of F (E)
to the edges of F (E1). Moreover, the isometry that sends E to either E2 or E3
is the 6-fold rotation centered at the black hexagon and this carries the edges of
F (E) to the edges of F (E2) (Figure 7d) or F (E3) (Figure 7e) respectively. Finally,
the isometry sending E to E4 is the 2-fold rotation centered at the black circle and
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will send edges of F (E) to the edges of F (E4) (Figure 7f). The matching of pairs
of edges and pairs of adjacent angles in F (E) by isometries forces the creation of
F2(E) shown in Figure 7f. Thus, F2(E) is uniquely determined by F (E) and the
condition that all edge figures are congruent. It will then follow that all second
edge figures of T are congruent.
Figure 7. Construction of second edge figure when T has config-
uration 〈3, 6; 42〉 and S0(E) ∼= C2: (a) F (E); (b) F (E) ∪ F (E1);
(c) F (E) ∪ F (E1) ∪ F (E2); (d) F (E) ∪
⋃3
i=1 F (Ei); (e) F (E) ∪⋃4
i=1 F (Ei); (f) F (E) ∪
⋃5
i=1 F (Ei).
(c) Suppose T has an edge E such that S0(E) ∼= D2. Following the construction
in 2(b) we get four edge figures (Figure 8). In either case S0(E) 6= S1(E) but
S1(E) = S2(E) and forming the second edge figures using the same approach in
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2(b), it can be shown that the second edge figures are congruent. Thus, T is
isotoxal.
Figure 8. Edge figures when T has configuration 〈3, 6; 42〉 and
S0(E) ∼= D2.
Case 3. T has configuration 〈32; 62〉.
(a) We consider an edge E = PQ of T such that S0(E) ∼= D1 with adjacent
angles θ1θ2 and ρ1ρ2. Following a similar construction in 2(a), θ1 and θ2 must
alternate around P (Figure 9a). Again, since C(E′) is congruent to C(E) and
C(E′′) is congruent to C(E) where E′′ = QS then we have ρ1 = θ1 and ρ2 = θ2.
We obtain the edge figure shown in Figure 9b. We obtain S0(E) = S1(E) ∼= D1
and T is isotoxal.
Figure 9. Construction of edge figure when T has configuration
〈32; 62〉 and S0(E) ∼= D1.
(b) Consider an edge E = PQ of T such that S0(E) ∼= C2. If θ1 and θ2
alternate around P and Q, a problem occurs, since an angle θ arises in the 3-gon
not congruent to either θ1 or θ2, a contradiction to congruence of edge coronae
(Figure 10a). Hence, we must have θ1 = θ2 and we get the edge figure in Figure
10b. In this case, S0(E) = S1(E) ∼= C2 so that T is isotoxal.
(c) Suppose T has an edge E such that S0(E) ∼= D2. Since T is monotoxal
and the edges are straight line segments; all 3-gons must be equilateral and hence
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Figure 10. Construction of edge figure when T has configuration
〈32; 62〉 and S0(E) ∼= C2.
must have congruent angles, that is, θ1 =
π
3 . We obtain the edge figure in Figure
11. Here, S0(E) = S1(E) ∼= D2 so that T is isotoxal.
Figure 11. Edge figure when T has configuration 〈32; 62〉 and
S0(E) ∼= D2.
Case 4. T has configuration 〈42; 42〉.
(a) Consider an edge E = PQ of T such that S0(E) ∼= D1 with adjacent angles
θ1θ2 and ρ1ρ2. Let E
′ = PR be another edge. One possibility is θ1 and θ2 alternate
around vertex P (Figure 12a). We take ρ1 = θ1, ρ2 = θ2 and obtain the edge figure
in Figure 12b. If ρ1 = ρ2 = θ3 we obtain the edge figure in Figure 12c.
Figure 12. Construction of edge figures when T has configuration
〈42; 42〉 and S0(E) ∼= D1.
Another possibility is when there are three distinct angles meeting in a vertex,
in particular we take ρ1 = θ3, ρ2 = θ1 and obtain the edge figure in Figure 13a.
The last case is when ρ1 = ρ2 = θ2 = θ1. This results in the edge figure in Figure
13b.
Now, for the edge figures in Figures 12b and 13b, S0(E) = S1(E) ∼= D1 and so
T is isotoxal. However for the edge figures in Figures 12c and 13a, S0(E) 6= S1(E)
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Figure 13. Edge figures when T has configuration 〈42; 42〉 and
S0(E) ∼= D1.
and forming the second edge figures using the same approach as in 2(b), we can
verify that the second edge figures are congruent. Thus, T is isotoxal.
(b) We now consider an edge E of T such that S0(E) ∼= C2. Following 4(a),
we also obtain four possible edge figures, shown in Figure 14. For the edge figures
in Figures 14a and 14d, we see that S0(E) = S1(E) ∼= C2 so that T is isotoxal. For
the edge figures in Figures 14b and 14c, S0(E) 6= S1(E) and forming the second
edge figures is necessary.
Figure 14. Edge figures when T has configuration 〈42; 42〉 and
S0(E) ∼= C2.
(c) We now consider an edge E of T such that S0(E) ∼= D2. We get two
edge figures when θ1 and θ2 alternate around a vertex (Figures 15a and 15b); two
additional edge figures when there are three distinct angles meeting in a vertex
(Figures 15c and 15d) and one edge figure when congruent angles meet a vertex
(Figure 15e). For the edge figure in Figure 15e, we see that S0(E) = S1(E) ∼= D2.
For the edge figures in Figures 15a, 15b, 15c and 15d, S0(E) 6= S1(E). Thus,
forming the second edge figures is necessary. In all cases, we have T is isotoxal.
Case 5. T has configuration 〈42; 3, 6〉.
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Figure 15. Edge figures when T has configuration 〈42; 42〉 and
S0(E) ∼= D2.
(a) Suppose T has an edge E = PQ such that S0(E) ∼= D1 with adjacent
angles θ1θ2 and ρ1ρ2. We assume that P has valence three and Q has valence six.
As in the previous cases when a vertex has valence three, the angles are congruent
around the vertex so we have θ1 = θ2. For the vertex with valence six, following
the constructions in 3(a)-(b), we have either ρ1 = ρ2 which will result to the edge
figure in Figure 16a or ρ1 6= ρ2 which will result to the edge figure in Figure 16b. In
either case S0(E) 6= S1(E) but S1(E) = S2(E) and forming the second edge figures
using the same approach as in 2(b), we can verify that the second edge figures are
congruent. Thus, T is isotoxal.
Figure 16. Edge figures when T has configuration 〈42; 3, 6〉 and
S0(E) ∼= D1.
(b) Suppose T has an edge E such that S0(E) ∼= C2. As in 5(a), there are two
edge figures obtained (Figure 17), and the same approach as in 2(b) can be used to
prove isotoxality of the resulting tilings.
(c) Suppose T has an edge E such that S0(E) ∼= D2. Following the construction
in 1(c) and 3(c), we must have θ1 =
2π
3 and ρ1 =
π
3 and we get the edge figure in
Figure 18. Here, S0(E) 6= S1(E) but S1(E) = S2(E) and we construct the second
edge figure as in 2(b) to show isotoxality of T .

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Figure 17. Edge figures when T has configuration 〈42; 3, 6〉 and
S0(E) ∼= C2.
Figure 18. Edge figure when T has configuration 〈42; 42〉 and
S0(E) ∼= D2.
Remark 4.4. Note that in every case considered in the proof of Theorem 4.3,
we obtained either S0(E) = S1(E) or S1(E) = S2(E). That is, the conditions of
Theorem 4.2 are satisfied for k = 1 or k = 2. This means that in the proof, we
need not to go beyond the second edge figure to check for isotoxality of the tiling.
From the discussion in the proof of Theorem 4.3, we list in Table 1 the isotoxal
tilings with congruent edge coronae. For a given subcase in each configuration, if
the edge figures that arise are congruent, then only one edge figure appears in the
list.
Conclusion and Recommendations
In this work we have shown that a normal tiling of E2 with congruent edge coronae
is isotoxal. This has been proven by verifying that certain local conditions involving
edge figures of the tiling are satisfied. Conversely, if a tiling is isotoxal then any
symmetry of a tiling that maps one edge to another edge automatically maps the
tiles containing the first edge to the tiles containing the second edge, and hence
provides a symmetry between the edge coronae. Thus, for a normal tiling of E2,
isotoxality also means congruence of its edge coronae.
A question posed by E. Schulte [5] was whether or not congruent edge coronae
with a mirror of symmetry in the perpendicular bisector of the edges implies {0,1}-
transitivity. The term {0,1}-transitivity means that the symmetry group of the
tiling acts transitively on the incident vertex-edge pairs. We give an affirmative
reply to this question in the case of normal tilings. Since a tiling is isotoxal if and
and only if it has congruent edge coronae, we just need to consider the isotoxal
tilings. From the list of isotoxal tilings [2], the tilings that have a mirror symmetry
in the perpendicular bisector of the edge are IT4, IT5, IT8, IT23, IT24, IT25, IT29
and IT30. Observe that each of these tilings are {0,1}-transitive. For an edge E
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with endpoints u and v, the incident vertex-edge pair u − E can be sent to v − E
via the reflection symmetry of the tiling passing through the perpendicular bisector
of the edge. Since the tiling is isotoxal, the symmetry group acts transitively on
the incident vertex-edge pairs.
Throughout this paper, we restrict our study to normal tilings. For non-normal
tilings, it is not the case that congruence of edge coronae implies isotoxality. For
instance, the tiling shown in Figure 19 is a non-normal tiling with congruent edge
coronae but is not isotoxal.
Figure 19. A non-normal tiling with congruent edge coronae but
is not isotoxal.
It would be interesting as a next step in the study to find the conditions for
which non-normal tilings with congruent edge coronae are isotoxal. It is also seems
fruitful to study tilings with congruent edge coronae in other spaces like the spher-
ical and hyperbolic spaces.
Table 1. Isotoxal tiling with congruent edge coronae (Column 4)
corresponding to a given configuration (Column 1), and edge E
such that S0(E) ∼= C2, D1 or D2. The first edge figure (Column 2)
or second edge figure (Column 3) of each tiling is shown.
Configuration First edge figure Second edge figure Tiling
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Table 1 (continued)
Configuration First edge figure Second edge figure Tiling
S0(E) ∼= D2
S1(E) ∼= D2
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Table 1 (continued)
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Table 1 (continued)
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Table 1 (continued)
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Table 1 (continued)
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